SECANT VARIETIES AND HIRSCHOWITZ BOUND 
ON VECTOR BUNDLES OVER A CURVE 



INSONG CHOE AND GEORGE H. HITCHING 

Abstract. For a vector bundle V over a curve X of rank n and for each 
integer r in the range 1 < r < n — 1, the Segre invariant is defined 
by generalizing the minimal self-intersection number of the sections on 
a ruled surface. In this paper we generalize Lange and Narasimhan's 
results on rank 2 bundles which related the invariant si to the secant 
varieties of the curve inside certain extension spaces. For any n and r, 
we find a way to get information on the invariant Sr from the secant 
varieties of certain subvariety of a scroll over X. Using this geometric 
picture, we obtain a new proof of the Hirschowitz bound on Sr. 



1. Introduction 

Let X be a smooth algebraic curve of genus g > 2. Let y be a vector 
bundle over X of rank n. For each 1 < r < n, the r-th Segre invariant of V 
is defined by 

Sr(y) := min{rdeg(y) — ndeg(£')}, 

where the minimum is taken over the subbundles of y of rank r. If a 
subbundle E realizes this minimum, that is, SriV) = rdeg(y) — ndeg(£'), 
then E is called a maximal subbundle of V. 

When n = 2 and r = 1, we have si{V) = —e for the classical Segre 
invariant e of the ruled surface defined by the minimal self-intersection 
number of the sections ( [Haj . V §2). In general, the invariant Sr{V) has an 
alternative definition in terms of the intersection numbers (see |La3j ). 

The invariant Sr is lower semicontinuous: for any family {Vt : t E T} of 
rank n bundles parameterized by a variety T, the sublocus 

{t£T: Sr{Vt) < s} 

is closed for each s. Hence Sr induces a natural stratification on the mod- 
uli space U{n, d) of vector bundles over X of rank n and degree d. This 
stratification has been studied by several authors ( [BrLaj . |Lal| . [RuTej ) . 

Note that V is semistable if and only if SriV) > for each r such that 
1 < r < n. There are several results on the upper bound of Sr- Nagata's 
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bound on ruled surfaces [Naj says that si{V) < g when n = 2 and r = 1. For 
arbitrary n and r, Mukai and Sakai [MuSaj proved that SriV) < r(n — r)g. 
The sharp upper bound of Sr was obtained by Hirschowitz: 



Proposition 1.1. ( [Hij . Theoreme 4.4) Let V be a vector bundle of rank 
n over X of genus g. For 1 < r < n, we have 

(1) Sr{V) < r{n - r){g - 1) + e, 

where e is the integer satisfying 

< e < n — 1 and r{n — r){g — 1) + e = r deg{V) mod n. □ 

As the main result of this paper, we reprove this bound by relating the 
invariants Sr to the geometry of certain secant varieties. This yields gen- 
eralizations of the results of Lange and Narasimhan for bundles of rank 2 
( [LaNa| . |La2| ) . Let us briefly review their results here. 

One can show that every vector bundle V of rank 2 and degree d ^ fits 
into the exact sequence 

for some line bundle L. So the bundle V corresponds to a point 

V £Fl:= FH'^{X, L-^) ^ PF°(X, KxLY- 

The curve X maps into P/, via the linear system \KxL\. We consider the 
secant variety Sec^X which is the closure of the union of P'^"^ C Pl spanned 
by k general points of X. The invariant si and the secant variety Sec^X 
are related as follows. 

Proposition 1.2. ( [LaNaj . Proposition 1.1) Suppose that s = d mod 2 
and A — d < s < d. Then si{V) > s if and only if v ^ Sec^X, where 
k = \{d + s-2). □ 

By using this, Lange [La2j reproved Nagata's bound si{V) < g: By 
Riemann-Roch, dimPiJi(X, L"^) = d + 5 - 2 for d > 0. Since the curve 
X has no secant defect, dimS'ec^X = 2k — 1. Hence every v ¥l lies on 
Sec^X for m 



d<g. 



d+g-l 



si{V) <2m-d=2 



By Proposition 11.21 then, 
d + g-l 



In this paper, we reprove the Hirschowitz bound by establishing a state- 
ment which generalizes Proposition 11.21 to the case of rank r subbundles of 
rank n bundles for any pair r and n (Theorem 14. 4p . The key observation 
is that the locus of rank 1 vectors inside a certain scroll over X plays the 
role of the curve X in the rank 2 case. This idea recently appeared in the 
second author's work on symplectic bundles of rank 4 over a curve. Since he 
studied the case of genus 2, the involved data was secant lines ( |Hit| , Lemma 
8) . Here we fully investigate the idea for curves of higher genus and higher 
secant varieties. 
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In Section 2, we arrange a basic setup for our study. In particular, the 
focus A of rank 1 vectors inside the scroll is defined. 

In Section 3, we briefly recall the dictionary for interpreting the secants 
of the scrolls in terms of the data of elementary transformations. 

In Section 4, the key technical result on the lifting of elementary trans- 
formations is proved. The criterion on the lifting is given in terms of the 
secant varieties of A. 

In Section 5, we apply this criterion to get the Hirschowitz bound. Once 
we have the criterion on the lifting, it is straightforward to get the expected 
bound on Sr- The only technical point is to show that the variety A has 
no secant defect. This requires some argument appealing to the Terracini 
lemma. The proof of the secant non-defectiveness of A is completed by 
applying Hirschowitz' lemma saying that the tensor product of two general 
bundles is nonspecial. 

2. The rank 1 locus 

Let X be a smooth algebraic curve of genus g > 2. Let y be a vector 
bundle over X of rank n> 1. Firstly, we establish a fact which justifies the 
validity of the forthcoming discussion on extension spaces. 

Lemma 2.1. (i) Suppose that V is a general stable bundle in U{n,d) 
where d > {2g — l)n. For every positive integer r with 1 < r < n, 
the bundle V fits into an exact sequence 

^ O®^""''^ ^ y ^ F ^ 

for some F E [/(r, d). 
(ii) Under the same assumption on n, r and d, a general stable bundle 
V is fitted into an exact sequence 

(2) 0^ E ^ F ^0 

for a general E U{n — r,0) and a general F E U{r,d). 

Proof. (The following argument was kindly informed to us by Peter New- 
stead.) 

The case when r = 1 was dealt with in the paper of Atiyah ( }Atj Theorem 
3, where it is attributed to J. -P. Serre): Under the assumptions, we see that 
h^{X,V) — h^{X,V{—x)) = n for each x E X. Hence V is generated by 
global sections and there is a surjection H^{X,V) (Si Ox — ^ V. For each 
X E X, let Nx be the kernel of the the evaluation map H^{X, V) Vx- The 
union = has dimension at most h^{X, V) — n + 1, so there is an 

(n — l)-dimensional subspace P C H^{X, V) such that P H N = {0}. This 
means that there is an exact sequence 

^ P (g) Ox ^ V ^ detV ^ 0. 
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For r > 1, the same argument yields an exact sequence 

for some F of rank r. Here the stabihty of F is not guaranteed, but 
H^{X,F*) = by the stabihty of V. It is well-known that the bundles 
F of fixed rank and degree satisfying H^{X, F*) = form a bounded fam- 
ily. To get an irreducible family, apply the above Serre-Atiyah construction 
to those F: Consider the irreducible variety T parameterizing all the exten- 
sions of the form 

^ Op""^^ ^F^L^O 

where L E Pic'^{X). From the above construction, every F satisfying 
H^{X,F*) = 0, in particular every stable bundle F G U{r,d), fits into 
some exact sequence in T. Now consider the family of extensions 

^ C)®("-'^) ^F ^0 

for all F fitting into some exact sequence in T. This is again parameterized 
by an irreducible family and contains all stable bundles V G U{n,d). The 
proof of (i) is completed by noting that F is stable for the general member 
of the family. 

Statement (ii) follows from (i) by deforming O^^" ""^ in U{n — r, 0) and 
F in U{r, d) respectively. □ 

Now we study the space P := ¥H^{X, Hom{F, E)) associated to the exact 
sequence We consider the ruled variety tt : FHom^F, E) ^ X. Let 0{1) 
be the line bundle on FHom{F,E) such that 7r*0(l) = Hom{F,E)*. By 
Serre duality and the projection formula, 

P ^ FH^{X,Kx(^Hom{F,E)*Y 

^ ¥H^{¥Hom{F,E),'K*Kx(S)0{l)y . 

Hence there is a rational map 

(j) : FHom{F,E) — ^ P 

given by the complete linear system \'k*Kx ® 0{1)\. 

Lemma 2.2. Let E e U{n — r, 0) and F G U{r,d) where d > {2g — l)r. 
Then (j) is an embedding. 

Proof. It is easy to see that </> is an embedding if 

h^{X, Kx Hom{F, E)*) - h°{X, Kx{-x - y) ^ Hom{F, E)*) = 2r{n-r) 

for any x,y £ X. Via Serre duality, this holds if 

Hom{F, E)) = h^{X, Hom{F, E) (^Ox{x + y)) = 0. 

By our assumptions, Hom(F, E) is semistable of slope —d/r, which is smaller 
than —2. Therefore we get the above cohomology vanishing. □ 

Now we introduce the key object of our discussion: the locus A defined 
by rank 1 vectors, or decomposable vectors, in the scroll ¥Hom{F, E). 
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Definition 2.3. The locus A is the subvariety of ¥Hom{F, E) defined by 
^ = Uxex where 

A^ = {[;u®e] : fieF*, e e E^} C FHom{F, E)\^ ^ F{F* E^). 

Remark 2.4. It is easily seen that dim A = n - 1. Also A = FF* if 
r = n — 1. So the locus A reduces to the curve X when we consider line 
subbundles of rank 2 vector bundles. 

3. Scrolls and elementary transformations 

The map (/> : ¥Hom{F, E) ^¥ in the previous section can be understood 
in terms of elementary transformations. In this section, we briefly recall this 
connection. 

Let be a vector bundle over X. We consider two kinds of elementary 
transformations of W. Firstly, for any nonzero /i € W*, we get an exact 
sequence 

(3) ^0 
whose restriction to x gives 

The locally free sheaf or vector bundle W is called the elementary transfor- 
mation of W associated to /i. 

Next, for any nonzero w € Wx, there is a unique extension 

(4) ^0 
which restricts to 

We call the vector bundle W the elementary transformation of W at w. 
These two processes are dual to each other: taking the dual of ([3]), we get 

Here (W)* is nothing but the elementary transformation of W* at /x: under 
the above notations. 

Now consider the map 

(p:FW ^ FH\X,W) 

given by the linear system \tt*Kx (SD where vr : ¥W ^ X is the 

projection and 0(1) is the bundle on FW satisfying 7r^,C'(l) = W*. As 
we noticed in Lemma 12.21 if W is semistable of slope less than —2, then (j) 
embeds FW into FH^{X, W) as a scroll. 

This embedding can be understood in terms of the elementary transfor- 
mations as follows. For each [w] £ FW, we consider the elementary trans- 
formation W oi W at w. From the long exact sequence associated to (jl]), 
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we have the 1-dimensional kernel of the surjection H^{X, W) H^(X, W) 
and this gives the image point G PH^{X, W). Accordingly, the secant 

line joining two points and 0([ti'2]) of FW is given by 

[wi][w2] = FkeT[H'^{X,W) ^ H^(X,W)] 

where W is the elementary transformation of W at wi and W2- 

We will also need the description of the embedded tangent spaces of FW. 
For each nonzero w G Wx, we consider the following diagram 



w 



w 



W(^Ox{x) 



w 



The (rk(VF) + l)-dimensional dimensional kernel of the map 
H^{X, W) ^ H\X, W (g, Ox{x)) 

gives the embedded tangent space T[^]PTy in FH^{X,W). This can be 
seen from the blowing-up and blowing-down description of the elementary 
transformations. For details, we refer the reader to |Maj and |Tj| . 

4. A CRITERION FOR LIFTING OF ELEMENTARY TRANSFORMATIONS 

Consider an exact sequence 
(5) O^E^V^F^O, 

where E G C/(n — r, 0) and F G U{r,d). This corresponds to a point v G 
FHom{F, E) = F. In this section, we find a geometric criterion to determine 
when an elementary transformation F oi F has a lifting F ^ V such that 
the following diagram commutes. 

(6) 







-^F 



F 



-^0 



Let F be an elementary transformation of F given by the sequence 

(7) O^F^F^T^O 

for some torsion sheaf r of degree k. Dualizing this, we get 

(8) ^ F* ^ F* ^ r' ^ 0. 
Tensor ing by F, we obtain 

(9) ^ Hom{F, E) Hom{F, E) (r')®^""''^ ^ 0. 
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In this setting, we have the following cohomological criterion due to Narasimhan 
and Ramanan. 

Lemma 4.1. ( |NaRaj . Lemma 3.1) The elementary transformation F C F 
lifts to a map F ^ V so that the diagram ^ is commutative if and only if 
V eF = Pi?i(X, Hom{F, E)) lies in P(ker /?) for the map 

(10) 13 : H^{X,Hom.{F,E)) H^{X, Hom,{F, E)) 

associated to the exact sequence □ 

For further discussions, it will be convenient to have an explicitly con- 
structed parameter space of the elementary transformations of F. 

Lemma 4.2. For a vector bundle F and a fixed number k > 0, the elemen- 
tary transformations F ^ F with deg{F/F) = k are parameterized by a 
projective variety Qt of dimension at most k ■ rk(F) . 

Proof. One can take the Quot scheme of F parameterizing the surjections 
F ^ T, where r runs over the space of torsion sheaves of degree k. A more 
explicit parameter space can be constructed as follows. 

If k = 1 then Qi = ¥F*: Any linear functional fi : F^ ^ C gives 
an elementary transformation F whose quotient F/F has degree 1. Con- 
versely, any elementary transformation F with degree 1 quotient deter- 
mines an element of F* up to a constant. Furthermore, there is a bundle 
pi : Ti ^ Qi X X such that for each ^ G Qi, the bundle F = ^i\[p]xx is 
the kernel of F C^. Indeed, let ttx ■ Qi ^ X he the projection and let 
Qi be the copy of Qi embedded in Qi x X as the graph of ttx- Also let 
vtqj : Qi X X ^ Qi be the projection. Then the bundle J^i is defined by 
the following sequence over Qi x X: 

0^Ti^7r*xF® n*Q^O{-l) ^ Oq^ ^ 0. 

Here the quotient map is given by the composition 

n*xF(^^7T*Q^Oi-l) ^ 7T*xF®n*Q^O{-l)(^OQ^ ^ Oq^ 

where the second map is the pairing f fi t-^ fi{f) for f G Fx and ^ & F* 
for some x G X. 

By induction, assume that there is a variety Qk parameterizing the el- 
ementary transformations of F with deg(-F/-F) = k, together with a clas- 
sifying bundle pk ■ ^ Qk ^ X. Each fi G PJF^ represents a bundle 
Fk in Qk, a point x G X and a codimension 1 subspace of F^, or equiva- 
lently an elementary transformation Fk = ker[i<fc — > C^;]. Hence the space 
Qk+i ■= ^^k parameterizes the elementary transformations F of F with 
quotient of degree k + 1. 

Also, we have a classifying bundle J'k+i over Qk+i X X: let and q'^^ 
be the compositions Qk+i Qk x ^ ^ Qk and Qk+i Qk x X —> X 
respectively. Let Qk+i be the copy of Qk+i embedded in Qk+i x X as the 
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graph of . Let vrg^.^^ : Qk+i x X ^ Qk+i be the projection. Then the 
bundles J^k+i is defined by the sequence over Qk+i x X: 

In this construction, the parameter space is given by a tower of projec- 
tive bundles starting from Qi = ¥F* — > X, which is a projective vari- 
ety. Moreover, at each step the dimension of Qk increases by rk(F), so 
dimQfc = /c ■ rk(F). □ 

Lemma 4.3. Assume E G U{n — r, 0) and F & U{r, d) where d > {2g — l)r, 
so that by Lemma \2.2l the projective bundle ¥Hom{F, E) is embedded in ¥ 
as a scroll. Consider the diagram and the associated map ilO\} . For a 
general F in Qk-' 

(i) The support ofT = F/F consists of k distinct points xi,X2, ■ ■ ■ ,Xk of 
X . Moreover, F is the intersection of the subsheaves ker [fii : F ^ C^;.] 
for some Hi £ F*., i = 1,2, . . . , k. 

(ii) The subspace P(ker /3) € P is the join of the k distinct linear spaces 

¥{^ii® E^^) Cl¥Hom{F,E)^^ 
for i= 1,2,..., k. 

Proof, (i) In the description of Qk in Lemma l42l the support of r of F e 
is given by the images xi,X2, - ■ ■ ,Xk of F under the projections 

T^i = qx, T^2 = qx~^qk-i, •••> = -^xqf ■ ■ -qkZlqt-i- 

Let D be the big diagonal inside X'' consisting of the /c-tuples (xi, X2, . . . , Xfe) 
such that Xi = xj for some 1 < i ^ j < k. The inverse image of X'^ \ D 
under the map (tti, 7r2, • • • , tt^) : X^ parameterizes those F such that 

the support of r consists of k distinct points. 

(ii) The description of P(ker 0) G P as a join of k distinct linear sub- 
spaces is a direct consequence of (i) and the definition of the embedding 
(j) : ¥Hom(F, E) P, as was explained in Section 3. □ 

Now we find a geometric criterion for the lifting of F as in ([6]). 

Theorem 4.4. Assume E € U{n — r, 0),F E U{r, d) where d > {2g — l)r so 
that A is a subvariety of the scroll ¥Hom{F, E) in P. Consider the diagram 
1^ and the associated map ^0\) . 

(i) // some elementary transformation F G Qk lifts to V so that the di- 
agram (B^ is commutative, then v € Sec^A, where A is the sublocus 
of the scroll VHom{F, E) defined in\2.3[ 

(ii) // a point v G Sec^A is general, then V admits an elementary trans- 
formation F E Qk as a subsheaf. 
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(iii) Either the condition that V admits an elementary transformation 
F & Qk as a subsheaf or the condition v G Sec^A implies that 
SriV) < rd — n(d — k). 

Proof. If an elementary transformation F C F has a lifting F ^ V, then 

V E P(ker /3) by Lemma 14.11 If F G is general, then by Lemma 14.31 the 
point V lies on the linear space spanned by [ni Cj] € A for some /ij G F*. 
and Ci € Ex^, 1 < i < k. Therefore v G Sec'^A. By continuity, we get (i). 

Now suppose that v is a general point of Sec^A. Then v lies on some 
linear space spanned by {[ni Cj] € A^,. : i = 1, 2, • • • , A;} for some distinct 
points xi,X2, . . . ,Xk (z X. This data defines an elementary transformation 
F of F, which is general if we choose the vectors Hi ® Ci generally. Hence 

V E P(ker /3) by Lemma 14.31 and F ^ F has a desired lifting F ^ V hy 
Lemma |4.1[ This proves (ii). 

Finally, consider (iii). The condition that V admits an elementary trans- 
formation F G Qk as a subsheaf, obviously implies Sr{V) < rd — n{d — k). 
Now consider the family of vector bundles parameterized by Sec^A C P. 
From (ii), a general bundle V with v G Sec'' A has a subsheaf F of degree 
d — k, hence Sr{V) < rd — n[d — k). Since the invariant Sr is lower semicon- 
tinuous, this inequality holds for every bundle V with v G Sec^ A. □ 

Remark 4.5. (i) It can be asked if the inequality SriV) < rd — n[d — k) 
implies either the condition v G Sec^A or the lifting of some F G Qk to V . 
The answer seems to be No, due to the possible existence of diagrams of the 
following form: 

> E > V > Ed > 

(11) ] ] 

> E' > Fd-k > E" > 

The point is that a subsheaf E^^k of V of rank r and degree d — k may 
intersect E in some subsheaf E' of rank > 1. If one can prove that this kind 
of diagram does not exist for general V , then we get the equivalence 

(12) Sr{V) < rd - n{d - k) ^ veSec'^A 

by the closedness of both spaces. But in general, we cannot exclude the 
possibility that every maximal subbundle E^-k of V yields a diagram of the 
form (fTT|) . 

In the special case when either r = l or r = n — 1, the diagram (jlip does 
not exist, and we get the equivalence (I12p . When n = 2 and r = 1, this is 
exactly the statement in Proposition 11.21 

(ii) Also one may ask if the generality assumption in (ii) can be dropped. The 
answer is Yes if dim(ker/3) is constant for every F G Qk- In this case, there 
is a projective bundle V over Qk whose fiber over F is the corresponding 
P(ker /3) . This fibration induces a morphism "P — > P which maps onto Sec'' A. 
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But in general, dim(ker /?) may drop, since there may exist F € Qk with 
Hom{F, E)) ^0. Uk <d then deg Hom{F, E) < 0, so such an F is 
necessarily unstable. 

5. HiRSCHOWITZ BOUND 

In this section, we reprove Hirschowitz bound in Proposition 11.11 by ap- 
plying our geometric criterion on lifting of elementary transformations. 

Let y be a bundle in U (n, d). Note that the upper bound of Sr is attained 
by a general bundle in U{n,d), due to the semi-continuity of Sr- Hence it 
suffices to prove the upper bound for general V. Moreover, since Sr{V) = 
Sr{V0L) for any line bundle L, we may assume that d = deg V > {2g — l)n. 
Then by Lemma 12.11 V fits into the exact sequence 

for some general bundles E G U{n — r, 0) and F G U{r,d). Let v £ ¥ = 
¥H^{X, Hom{F, E)) be the point corresponding to this sequence. 

Consider the subvariety A of the scroll ¥Hom{F, E) C P. Since dim A = 
n — 1, the expected dimension of Sec^A is nk — 1 unless Sec^A = P. Note 
that dimP = (n — r){d + r{g — 1)) — 1 by Riemann-Roch formula. Thus if 
A C P has no secant defect, then 



V G Sec"'' A for m 



T) — T 

{d + r{g-l)) 



n 



We may write (n — r)[d + r{g — 1)) = mn — e for some e in the range 
< e < n - 1. By Theorem [Ol (iii) . 

Sriy) < rd — n{d — m) 

= r{n — r){g — 1) + e. 

Therefore the Hirschowitz bound is obtained from the following. 

Theorem 5.1. For general bundles E €z U{n — r,0) and F € U{r, d) where 
d > {2g — l)n, the subvariety A in P has no secant defect. 

To prove this, we invoke the Terracini lemma (cf. [Tej ) . 

Proposition 5.2. (Terracini lemma) Let Z C P^ be a projective variety, 
and let zi, . . . , Zk be general points of Z. Then 

dim(S'ec'' Z) = dim <T,-^Z, . . . ,T^^Z >, 

where T^.Z denotes the embedded tangent space to Z in P^ at Zi. □ 

Now we use the dictionary in Section 3 to describe the embedded tangent 
spaces of A C ¥Hom{F, E) in terms of the elementary transformations. 

Lemma 5.3. Let [// e] € A^; in ¥Hom{F, E)\x. Let F* be the elementary 
transformation of F* at fj,. Also let E be the elementary transformation of 
E at e. Consider the elementary transformation 

(13) O^F*®E^F*®E^T^O 
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where r is some torsion sheaf t of degree n. Then 

T[^^e]A = Pker[7 : H\X,F*®E) ^ H^X^f^^E)] 

for the map 7 coming from the long exact sequence associated with I 

Proof. Since we are considering a local problem, we consider trivialisations of 
F* and E over a suitable neighbourhood U of x. Then F*<!^E\u = C^^*-" 
Taking elementary transformations, we obtain 

F~*®E ^ Ou{2x) e e 

Therefore the skyscraper sheaf r is isomorphic to © C®*-" The first 
term C2x- corresponds to the line defined by the constant section ^®e : [/ — > 
P(F* E). The next term C®^""^^ together with the subsheaf C^; C 
correspond to the join of two linear spaces 

P(/i ® Ex) ^ P"-^'--! and ¥{F* e) ^ F''"^ 

which intersect at [/U (8) e] . Since all of these are tangent data of A and they 
span a linear space of dimension n — 1, we get the desired result. □ 

Proof of Theorem \5.1\ From the dimension computations in the beginning 
of this section, it suffices to show that 

dim S'ec'^ A = nk — 1 

for every k < m = |"^^^ {d + r{g — 1))] , and 

dim S'ec™' A = dimP = nm — 1 — e, 

where < e < n — 1. By the Terracini lemma, 

dimS'ec'^A = dim (< T[^,j(ge^] A, . . . , Tf^^^^^] A >) 

for general points [^li® e,j\ G A, 1 < i < /c. 

By generality, we may assume that fii ei, . . . , Hk ek lie over k distinct 
points of X. In this case, by Lemma [531 the join of the spaces T[^.^g.] A in 
P can be expressed as the projectivised kernel of the map 

r : F* (S)E) ^ H^{X, F* E) 

where F* (resp. E) are the elementary transformations of F* (resp. E) at 
lii,...,Hk (resp. ei,...,efc). 
Note that 

deg(-F* E) = r deg E + {n — r) deg F* = rk + {n — r){—d + k) 
= rm + (n — r)[—d + m) — n(m — k) 
= nm — (n — r)d — n{m — k) 
— ^(j^ _ y.'^(^g _ ^ _ fi{rn — k), 



12 



INSONG CHOE AND GEORGE H. HITCHING 



where 0<e<n — 1. If F* E is nonspecial, then h^{X, F* E) = for 
k < m and h?{X, F* ® E) = e for k = m. Thus 

dimP(ker T) = - deg(F* ® E) + deg(F* ® E) - h^{X,F* ® E) - I 
= nk-h^{X,F* (^E)-l 
= min{n/c — 1, dimP} 

as expected. Therefore it remains to check that F* E is nonspecial. But 
we assumed that E and F are general, and E and F* are obtained from a 
general elementary transformation of E and F* respectively, hence they are 
general. By Hirschowitz' lemma ( |Hi] 4.6, see also |RuTe| Theorem 1.2), the 
tensor product of two general bundles is nonspecial. □ 
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